Abstract. In this paper, we study the finite time blow up of smooth solutions to the Compressible Navier-Stokes system when the initial data contain vacuums. We prove that any classical solutions of viscous compressible fluids without heat conduction will blow up in finite time, as long as the initial data has an isolated mass group (see Definition 2.2). The results hold regardless of either the size of the initial data or the far fields being vacuum or not. This improves the blowup results of Xin [22] by removing the crucial assumptions that the initial density has compact support and the smooth solution has finite total energy. Furthermore, the analysis here also yields that any classical solutions of viscous compressible fluids without heat conduction in bounded domains or periodic domains will blow up in finite time, if the initial data have an isolated mass group satisfying some suitable conditions.
Introduction
Consider the following well-known compressible Navier-Stokes equations for viscous com- Here Ω ⊆ R d is a smooth domain in R d or periodic domain T d , and ρ, u, p, θ denote the density, velocity, pressure, internal energy and temperature respectively. The specific total energy E = 1 2 |u| 2 + e, and T is the stress tensor given by T = µ(∇u + ∇u t ) + λ(divu)I. In the case that the domain Ω has boundary, the standard no-slip boundary condition or Navier-slip boundary condition will be supplemented.
In this paper, it will be always assumed that
As one of the most important systems in continuum mechanics, the theory of global wellposedness of solutions to the Cauchy problem and initial-boundary-value problem for the system (1.1) has been studied extensively in [2, 1, 5, 3, 6, 8, 7, 14, 15, 17, 18, 19, 20, 22, 10, 11, 12, 13, 16] and the references therein. In particular, non-vacuum small perturbations of a uniform nonvacuum constant state have been shown existing globally in time and remain smooth in any space dimensions [19, 20, 17, 18, 6] , while for general data which may contain vacuum states, only weak solutions are shown to exist for the isentropic compressible Navier-Stokes system in multi-dimension with special equation of state as in [15, 5] , yet the uniqueness and regularity of these weak solutions remain unknown. In contrary to the one-dimensional case [8] , it is still open whether vacuum states can form in finite time from non-vacuum initial and boundary data for the compressible Navier-Stokes systems in higher space dimensions. Despite the progress on various blow-up criterion [13, 10, 11] , and the surprising results on global well-posedness of the classical solution to the 3-dimensional compressible Isentropic Navier-Stokes system for initial data with small total energy but possible large oscillations and containing vacuum states [12] , the behavior near vacuum of solutions to the system (1.1) remains to be one of the central issues for the global well-posedness of smooth solutions to the general full compressible Navier-Stkes system (1.1), as is illustrated in the following result of blow-up of smooth solutions for the full compressible Navier-Stokes system (1.1) without heat conduction (i.e. satisfying (1.5)): [12] . Thus it is desirable to generalize the blow-up results in Theorem 1.1 to general classical solutions to the compressible Navier-Stokes system without the assumption that
Finally, since all the the previous blow-up results of smooth solutions concern only with Cauchy problems and it seems difficult to adapt the available methods to deal with the initial-boundary value problems and periodic problems which are also very important issues for compressible Navier-Stokes equations.
In this paper, we will answer all three main questions mentioned above. First, we show the finite time blow up of classical solutions to the Cauchy problem for the compressible NavierStokes equations (1.1) without heat conduction for a class of initial data containing vacuum but without any restrictions on the velocity fields at vacuum beyond the regularity. The class of initial data includes the case that the initial density has compact support. The proof is based on the key observation that if initially a positive mass is surrounded by a bounded vacuum region, then the time evolution remains uniformly bounded for all time. Then this analysis can be modified easily to show the finite time blowup of classical solutions to initial-boundary value problems and periodic problems under some suitable conditions.
The rest of this paper is organized as follows. In section 2, we give some notions, state main results, and describe the main ideas of the proof. Then the key estimates and the complete proofs of the results are given in section 3 and section 4.
Notations and main theorems
Before stating the main results, we introduce some notations. Recall that the classical solutions to the compressible Navier-Stokes equations can be defined as follows: In the periodic case, this definition is modified as follows:
Remark 2.2. Since the Navier-Stokes equations are invariant under translation, without loss generation, it will be assumed thatx = 0 in this paper without explicit declaration.
Let (V, U ) be an isolated mass group with radius R 1 . Denote by m 0 , x 0 the initial mass and initial centroid of the isolated mass group V respectively. That is,
Denote by T * the only positive root of
Let cl(U ) be the closed convex hull of U .
Then the main results in this paper are the following three theorems. The first theorem concerns with the Cauchy problem. Remark 2.4. Theorem 2.4 shows that any classical solution to the compressible Navier-Stokes system without heat conduction will blow up in finite time, as long as its initial data has an isolated mass group, no matter how small the initial data is and no matter whether the states of its far fields are vacuum or not.
Remark 2.5. It should be noted that the condition (2.5) can be loosen slightly to
These conditions guarantee that the boundaries of isolated mass groups are away from the boundary of the domain in the lifespan of the classical solution.
Now, we make some comments on the main ideas of the proofs. Recall that there are two crucial elements in the proof of the blowup result, Theorem 1.1, in [22] . The first is that the total pressure over R d decays fast in time, and the second is the support of the density grows sub-linearly in time. It is noted that the decay of the total pressure involves some integrability of powers of the density, which can be guaranteed by the condition that the density has compact support, but has nothing to do with the integrability of the velocity field over R d . However, the assumption u ∈ H m plays an essential role to show that u(x) = 0 in (unbounded) vacuum regions which ensures that the support of density is preserved in time, and thus contradicts to the fact that the second moment increases in the order at least as t 2 as t → ∞ [22, 3, 4, 16] .
To deal with the general case here, we note that the argument in [22] show that, for classical solutions to the compressible Navier-Stokes equations (1.1) without heat conduction, it holds that in vacuum regions,
It follows from (2.8) and (1.5) that in vacuum regions,
For the special case that density has compact support, (2.9), together with the assumption u ∈ H m , implies that u = 0 in unbounded vacuum regions. For the general case, one of the key observations in this paper is that (2.9) implies that in the vacuum regions, In this section, we prove Theorem 2.4, Theorem 2.5 and Corollary 2.7. Let (ρ, u, E)(x, t) be a classical solution to the Navier-Stokes equation (1.1) without heat conduction and (V, U ) be an isolated mass group for the corresponding initial density. Without loss of generality, it will be assumed that the initial total momentum of V is zero, i.e.
Otherwise, one can take the following Galilean transformation to achieve this:
t).
Assume that the isolated mass group (V, U ) has a radius of R 1 , i.e.
Let X(α, t) be the particle path starting at α when t = 0,
Then,
Since ρ 0 (x) = 0 in U − V , it follows from the mass equation that
Then our first observation is the form of the velocity field in the vacuum region Ω 0 (t) as follows.
Lemma 3.1. There exist an antisymmetric matrix A(t) and a vector b(t) such that
Moreover,
4)
and ∫
Proof. Under the condition (1.5), it follows from the arguments of Xin in [22] that
or
Then, for any 1
On the other hand,
Therefore,
This yields that there exist a matrix A(t) and a vector b(t) such that
Substituting (3.7) into (3.6) gives
So A(t) is antisymmetric. This in turn implies (3.4) trivially.
Now we turn to prove (3.5). Direct calculations show that ∫
Based on this lemma, the diameter of the time evolution of the isolated mass group, i.e., the diameter of Ω 2 (t), can be estimated. To this end, we define D(t) to be a smooth vector function 9) and
and
Consequently, (3.10) and then (3.11) follow trivially by a simple topological argument.
To study the conservation laws for the evolution of the isolated mass group, one needs the following elementary transportation formula.
Proof. The proof is a simple calculation, and so is omitted.
Then we have the following conserved quantities for the time evolution of the isolated mass group.
Lemma 3.4. The total mass, total momentum, total energy, and centroid of Ω 2 (t) are conserved, 14) and
Proof. Integrating the mass equation, momentum equation and energy equation on Ω 2 (t) respectively and using Lemma 3.3 and Lemma 3.1, one can derive the conservation of the total mass, (3.12), total momentum, (3.13), and total energy, (3.14), over Ω 2 (t) easily. The invariance of the centroid, (3.15), follows from the calculations in the proof of the next lemma.
Next, we estimate the sizes of D(t) and Ω 1 (t). 16) and
Lemma 3.5. (Key estimates) It holds that
Proof. Multiplying the mass equation by x, integrating on Ω 2 (t) and using Lemma 3.3 and Lemma 3.4, one gets that
Since the mass over Ω 2 (t) is conserved, thus x 0 is contained in the closed convex hull of Ω 2 (t), that is,
This yields the estimate (3.16). (3.17) is a direct consequence of (3.11) and (3.16).
With the estimate (3.17) on the size of the isolated mass group (Ω 1 (t), Ω 2 (t) at hand, Theorem 2.4 can be proved by using a similar argument in [22] (see also [3] ) with some proper modifications. For completeness, we will give the details here.
ρu · xdx, and ∫
Taking inner product of the momentum equations with x, integrating by part, and using
pdxds. So the proof Theorem 2.6 is completed.
Remark 4.1. Previous analysis also applies to the full Navier-Stokes equations with positive heat conduction under the assumption that the specific entropy is finite in vacuum regions (e.g. the case in [3] ). We omit the details here.
Remark 4.2. It is worth noting that, recently, Huang and Li [9] proved the global existence of the classical solutions with small energy to the full Compressible Navier-Stokes equations with positive heat conduction in the whole space R d , if the initial data tend to a constant non-vacuum state in far fields and initial vacuum is allowed. However, the global classical solutions obtained in [9] must have positive absolute temperature θ in vacuum regions (thus the specific entropy is infinity at vacuum regions).
